The phonon dispersion unfolding method is useful for obtaining hidden Bloch symmetries and comparing theoretical results with experiment spectrums (e.g. inelastic neutron scattering, inelastic X-ray scattering, Raman ). In this paper, we propose a method to unfold phonon dispersions. The main advantage of this method is the ability to handle systems with heavy breaking of spatial translational symmetry. Its validity is tested by pure diamond, diamond with Si substitution, and diamond with C vacancies.
tive or (deformation-or magnetic order-induced) reconstructed solid systems in principle.
Here in this paper, we show the application of this technique to phonon dispersions in typical defective systems, and generalize it to the phonon dispersions in a more wide range of materials.
Both electrons and phonons in crystals are elementary excitations of periodic atomic systems. The translation operators are commutative with the electronic Hamiltonian and phonon dynamical matrix. Thus, they obey the Bloch's theorem. The electronic wavefunction or the phonon polarization vector ψ k ( r) can be written as a product of one phase part and one periodic part. The vector k is the reciprocal variable in the first BZ. Note that one usually uses q instead of k in phonon polarization vectors. The vector r is the position of the electron or the atom. The nature of r for electronic wavefunction is different from that for phonon polarization vector, which results in differences in their unfolding methods.
Normally, the electrons are described by quantum mechanics, due to their much stronger quantum effect than atoms. Thus, the electrons distribute in probability all over the real space. Whereas, the atoms are described by classical Newtonian mechanics. They localize and vibrate around their equilibrium positions. Therefore, the r is discrete for phonon polarization vectors. Based on Bloch's theorem, we know that an electronic wavefunction in a supercell can be written as
The dot between K and R refers to vector dot product. The function φ K ( R) is periodic in supercell lattice. It may be not a periodic function in primary cell lattice. However, we can write it as a superposition of primary cell periodic functions as follows,
where φ
The parameter c K+ G b is a complex number. The square of its absolute value |c K+ G b | 2 is the so-called unfolding weight. This unfolding weight for electrons can be calculated by using our electronic energy band unfolding technique [10, 14] .
Let us consider the case of phonons. The phonon polarization vector in a supercell can be written as
Here, we omit the phonon branch index. The integer s = 1, 2, 3 correspond to x, y, and z directions respectively. Similar to electronic wavefunction, the periodic function of phonon polarization vector φ s Q ( R I ) can be written as follows,
is the periodic wave function in primitive cell. By defining |φ
( R I ), this equation can be written as
The phonon unfolding weight is |c
The essence of our present phonon unfolding methods is to find this value.
The supercell composes of several primary cells. If atom numbers are the same and atom positions are similar for different primary cells, then the primary cell periodic function
is well defined, and it can be written as φ
we can use the complete basis functions for primary cell to construct a projection operator.
Suppose the complete basis set are w s j ( r i ) (j = 1, .., 3m) and satisfy the following orthogonal relation:
The total number of basis functions is the same as the number of degrees of freedom in a primary cell, which is 3m. In a super cell, the primitive cell basis set can be written as
Then we define the basis set in supercell as,
We can check that the inner product follows
The projection operator is defined aŝ
Putting this projection operator to both sides of Eq. (5), one haŝ
Then, the unfolding weight is
Therefore, by calculating the expectation value of projection operatorP b , we can get the unfolding weight. The choice of basis functions w s j ( r i ) is arbitrary, with the only constraint that they are unitary, complete and orthogonal to each other. In the following calculations in this section, we choose the basis functions as
Then, we can calculate the inner product to be
is just a phase term, and it has no effect on the unfolding weight.
The square bracket in [
] is modulo operation. It finds the remainder after division of j by m. From this formula, we obtain that the unfolding weight is
By using this equation, we unfolded the phonon dispersions of diamond (see below for details)
as shown in Fig. 1 .
The calculations were carried out within the framework of density functional theory (DFT) as implemented in the QUANTUM ESPRESSO package [18] . The core electrons of carbon atoms are described by norm-conserving pseudopotentials [19] . The exchange correlation potential is described by the GGA of PBE-type [20] . The kinetic energy cutoff for electronic wavefunction is chosen to be 70 Ry, which is well converged in our test. We use a cubic supercell in our calculations as shown in Fig. 1(a) . Each supercell (as shown by the red cage) has eight carbon atoms. The primitive cell is also shown in Fig. 1(a) by the yellow cage. The relaxed supercell lattice parameter is 3.57Å, which agrees well with the experimental results. The system is relaxed until the force on each atom is smaller than 0.01 eV/Å. The quasi-Newton algorithm is used in the structure relaxations. In the self-consistent ground state calculations, a 13 × 13 × 13 Monkhorst-Pack k-point setting is used in the reciprocal space integration. Then we performed the density-functional perturbation calculation with 5 × 5 × 5 q-points to get the interatomic force constants. After that, unfolding procedure was performed to get the unfolded phonon dispersions. The resultant phonon dispersions for the supercell are shown in Fig. 1(d) . And the unfolded phonon dispersions are shown in Fig. 1(e) . The atomic structure in the supercell is perfect, thus all the translational symmetries are conserved. One can see that there are fewer lines in Fig. 1(e) than in 1(d). Within our expectation, the shapes of the unfolded phonon dispersions completely agree with those calculated directly from the primitive cell.
In the presence of heavy TS breaking, the atoms in one original primitive cell may be ( R I ) where the subscript I runs over all the N ( may not equal to mn ) atoms in a super cell. As a consequence, the whole process in method one can not be done. However, by generalizing Eq. (13), now we propose another method to unfold the phonon dispersions of all these defective systems.
We write the unfolding weight [Eq. (13) ] as
with
Obviously, A
are the plane wave projection coefficients in supercell for each primitive cell freedom {i, s}. In a system with TS heavily broken, the A Q+ G b i,s may be not possible to obtain. Here we propose that, as an approximation, the unfolding weight can also be calculated from the projection of all the degrees of freedom in a supercell to a group of plane waves. The projector operator is defined aŝ
where the G j denotes the reciprocal lattice point of primitive cell. The number of G j used in unfolding process is finite, since the vibrational system only has finite degrees of freedom.
In our calculations, we symmetrically chose finite number of G j around (0,0,0) point. The total number of G j is in the same order of atom number in a primitive cell. Then, the unfolding weight can be written as
To check the validity of this general method, we performed the phonon unfolding procedure on diamond with Si substitution. This example shows the effect of TS breaking.
The system is relaxed until the force on each atom is smaller than 0.01 eV/Å. In the selfconsistent ground state calculations, a 8 × 8 × 8 Monkhorst-Pack k-point setting is used in the reciprocal space integration. Then we performed the density-functional perturbation theory with 3 × 3 × 3 q-points to get the interatomic force constants. The other parameters cells are absent. The atomic structure is shown in Fig. 3(a) . We used a large supercell with 63 carbon atoms and one carbon vacancy. The carbon vacancy are shown by the large blue ball. The supercell and primitive cell are shown by the large red and small yellow cages, respectively. The calculated supercell phonon dispersion curves are shown in Fig.   3 (b). They are very dense and complex. The corresponding unfolded phonon dispersions are shown in Fig. 3(c) . We see that the phonon spectrum is fuzzy lines. The shading of these lines show a pattern which agree with the perfect diamond phonon dispersions in Fig. 1(e).
In summary, we proposed two methods to unfold phonon dispersions. 
